We present a comprehensive study of the lowest moments of nucleon generalized parton distributions in N f = 2 + 1 lattice QCD using domain wall valence quarks and improved staggered sea quarks. Our investigation includes helicity dependent and independent generalized parton distributions for pion masses as low as 350 MeV and volumes as large as (3.5 fm) 3 , for a lattice spacing of 0.124 fm. We use perturbative renormalization at one-loop level with an improvement based on the non-perturbative renormalization factor for the axial vector current, and only connected diagrams are included in the isosinglet channel.
I. INTRODUCTION
Generalized parton distributions (GPDs) [1, 2, 3, 4] play a vital role in our understanding of the structure of the nucleon in terms of the fundamental building blocks of QCD, the quarks and gluons. Before the advent of GPDs, fundamental questions as to the origin of the spin of the nucleon, the decomposition of the nucleon total momentum, and the distribution and density of the nucleon constituents in position and momentum space seemed to be largely unrelated. In some cases, it was even unclear how to formulate these questions in a theoretically sound way and how to measure the underlying observables experimentally. With the introduction of GPDs, it is possible not only to give precise definitions to quantities, such as the quark and gluon angular momentum contributions to the nucleon spin [5] and the probability densities of quarks and gluons in impact parameter space [6] , but also to unify and extend the successful concepts of parton distribution functions (PDFs) and form factors. Nucleon generalized parton distributions are experimentally accessible in deeply virtual Compton scattering of virtual photons off a nucleon and a range of other related processes [7, 8, 9, 10] . Since these reactions involve in general convolutions of GPDs over the longitudinal momentum fraction x, which makes it difficult if not impossible to map them over the whole parameter space, the most stringent quantitative information on GPDs currently comes from quark PDFs and nucleon form factors [11] .
Complementary to experimental efforts, lattice QCD offers a unique opportunity to calculate x-moments of GPDs from first principles. The first investigations of GPDs including studies of the quark angular momentum contributions to the nucleon spin have been presented by the QCDSF collaboration in quenched QCD [12] and by LHPC/SESAM in N f = 2 lattice QCD [13] . Lattice results on nucleon GPDs published since then have provided important insights into the transverse structure of unpolarized nucleons [14] , the lowest moments of polarized [15] and tensor GPDs [16] , and transverse spin densities of quarks in the nucleon [17, 18] . With the exception of several initial studies [19, 20] , all previously published lattice results on GPDs have been obtained from calculations in a two-flavor "heavy pion world" with pion masses in the range of 550 to over 1000 MeV. In this work, we improve on previous studies by presenting a comprehensive analysis of the lowest three moments of unpolarized and polarized GPDs in N f = 2 + 1 lattice QCD with pion masses as low as 350 MeV and volumes as large as (3.5 fm) 3 . The paper is organized as follows. We begin with an introduction to the calculation of moments of GPDs in lattice QCD in section II. Section III describes the hybrid approach of using domain wall valence quarks with 2+1 flavors of improved staggered sea quarks. In section IV we present our numerical results for the generalized form factors, including a discussion and interpretation of the quark orbital angular momentum and the transverse nucleon structure. Chiral extrapolations of selected lattice results to the physical pion mass are presented in section V. Conclusions are given in the final section.
II. LATTICE CALCULATION OF MOMENTS OF GENERALIZED PARTON DISTRIBUTIONS
Generalized parton distributions determine off-forward matrix elements of gauge invariant light cone operators
where x is the momentum fraction, n is a light cone vector and Γ = / n or Γ = / nγ 5 . The twist-2 tensor GPDs [21] related to Γ = n µ σ µj , j = 1, 2 are not studied in this work. The four independent twist-2 unpolarized and polarized generalized parton distributions H, E, H and E are defined by the parametrizations
and P ′ , Λ ′ | O nγ5 (x) |P, Λ = / nγ 5 H(x, ξ, t) + n · ∆ 2m γ 5 E(x, ξ, t) ,
where we use the short-hand notation Γ = U(P ′ , Λ ′ )ΓU (P, Λ) for products of Dirac spinors U , and where ∆ = P ′ − P , t = ∆ 2 and ξ = −n · ∆/2. In Eqs. (2) and (3) we suppress the dependence of the GPDs on the resolution scale µ
2 . An illustration of the GPDs parametrizing the lower part of the handbag diagram is given in Fig. (1) . The momentum fractions x and ξ both have support in the interval [−1, +1]. Depending on x, there are three kinematic regions, which offer different interpretations for the GPDs. For x ∈ [ξ, 1] and x ∈ [−1, −ξ], the GPDs describe the emission and reabsorption of quarks and anti-quarks, respectively. In the case that x lies in the interval [−ξ, ξ], they describe the emission of a qq-pair.
In our lattice calculations, we do not work directly with the bi-local operators in Eq. (1) but instead consider moments, defined by the integral 
where [γ 5 ] denotes the possible inclusion of the corresponding matrix, the curly brackets represent a symmetrization over the indices µ i and subtraction of traces, and
. We relate nucleon matrix elements of the tower of local operators in Eq. (4) to x-moments of the twist-2 GPDs. To this end, we parametrize off-forward matrix elements P ′ , Λ ′ |O {µ1...µn} |P, Λ in terms of the generalized form factors A ni (t), B ni (t), C n0 (t), A ni (t), and B ni (t). Apart from potential difficulties related to lattice operator mixing for higher moments n, lattice measurements of the operators in Eq. (4) become increasingly noisy as the number of derivatives increases, and we therefore restrict our calculations to n ≤ 3. The parametrization of nucleon matrix elements of Eq. (4) in terms of generalized form factors (GFFs) for n = 1, 2 and 3 reads [4, 22] P ′ |O µ1 |P = γ µ1 A 10 (t) + i 2m σ µ1α ∆ α B 10 (t) ,
for the unpolarized case, and 
for the polarized case. Here and in the following we setP = (P ′ + P )/2. Using Eqs. (2, 3, 5, 6) it is easy to show that Mellin-moments of the GPDs, of the moments of the GPDs is directly given by Eqs. (8) . Let us note that the Mellin-moments in Eq. (7) are taken with respect to the entire interval from x = −1 to +1. Following our discussion below Eq. (3), we find that the moments of the GPDs at ξ = 0 correspond to sums and differences of contributions from quarks q and anti-quarks q. 
Such a simple decomposition is not possible for non-zero longitudinal momentum transfer ξ = 0. We denote the forward limit values of the moments of H and H in Eq. (9) by x n−1 q = H , where x n−1 q and x n−1 ∆q correspond to the moments of unpolarized and polarized quark parton distributions. Below, we give a brief summary of the methods and techniques used to extract moments of generalized parton distributions in lattice QCD. For details, we refer the reader to [13, 23] . As usual, the matrix elements, Eqs. (5, 6) , are calculated from the ratio of nucleon three-point and two-point functions:
where Γ unpol = (1 + γ 4 )/4 and Γ pol = (1 + γ 4 )(1 + iγ 5 γ 3 )/2. The nucleon source,N (τ, P ), and sink, N (τ, P ), create and annihilate states with the quantum numbers of the nucleon. To maximize the overlap with the ground state, we used the smeared sources given in [23] . The three-point-function C 3pt O (τ, P ′ , P ) with the operator insertion at τ is illustrated in Fig. ( 2) in terms of quark propagators, showing examples of connected and disconnected contributions in an unquenched lattice calculation.
Using the transfer matrix formalism, we can rewrite Eqs. (10) to obtain C 2pt (τ, P ) = e −E0(P )(τ −τsrc) Z(P )Z(P ) 1/2 E 0 (P ) + m E 0 (P ) + higher states ,
C 3pt O (τ, P ′ , P ) = e −E0(P )(τ −τsrc)−E0(P ′ )(τ snk −τ ) Z(P )Z(P ′ )
1/2 4E 0 (P ′ )E 0 (P ) Tr Γ pol (i/ P ′ − m) aA(t) + bB(t) + · · · (i/ P − m)
where the factors a, b, . . . represent the prefactors (including Dirac-matrices) of the corresponding GFFs A(t), B(t), . . . in the parametrizations in Eqs. (5, 6) , transformed to Euclidean space. Higher states with energies E 1 > E 0 in Eqs. (11) and (12) are suppressed when τ snk − τ ≫ 1/(E 1 − E 0 ) and τ − τ src ≫ 1/(E 1 − E 0 ). In order to cancel the exponentials and Z-factors in Eq. (12) for zero and non-zero momentum transfer ∆, we construct the ratio of two-and three-point-functions
O (τ, P ′ , P ) C 2pt (τ snk , P ′ ) C 2pt (τ snk − τ + τ src , P ) C 2pt (τ, P ′ ) C 2pt (τ snk , P ′ ) C 2pt (τ snk − τ + τ src , P ′ ) C 2pt (τ, P ) C 2pt (τ snk , P )
For an operator-insertion sufficiently far away from the source and the sink in the Euclidean time direction, higher states are negligible, and the ratio R O (τ, P ′ , P ) exhibits a plateau in τ . We finally average over the plateau region from τ min to τ max to obtain an averaged ratio R O (P ′ , P ). On a finite periodic lattice with spatial extent L s , threemomenta are given by P = 2π/(aL s ) n with integer components n i = −L s /2, . . . , L s /2, and for the nucleon energy we use the continuum dispersion relation P 4 = m 2 + P 2 . Therefore, the discrete lattice momenta result in a finite set of values for the momentum transfer squared t which can be realized in our calculation.
In for n = 3 [24] . The sets of operators O n i we are using are the same as in [13] . Altogether, there are 9 linearly independent index combinations for n = 2 and 12 for n = 3. In order to be able to compare our results with experiment, the operators have to be renormalized and transformed to the MS-scheme at a renormalization scale µ 2 . In general, operators mix under renormalization, and the renormalization matrix Z O is non-diagonal. We will denote the renormalized operators in the MS-scheme by O
. Some details concerning the renormalization procedure and numerical results for the renormalization constants will be discussed at the end of the next section.
Based on the renormalized operators, we compute the averaged ratio R O (P ′ , P ) and equate it with the continuum parametrization in terms of the GFFs given in Eq. (12) . This is done simultaneously for all momentum combinations P and P ′ corresponding to the same momentum transfer squared t and all contributing symmetric and traceless
, giving a finite set of linear equations
where (P ′ j − P j ) 2 = t for all j = 1, 2, 3 . . .. The coefficients c ij in Eqs. (14) only depend on the nucleon mass m and the momenta P, P ′ and are calculated from the traces in Eq. (12) . Finally, the set of equations (14) , which in general is overdetermined, is solved numerically to extract the GFFs. The statistical errors for the GFFs are obtained from a jackknife analysis.
III. LATTICE SIMULATION USING DOMAIN WALL VALENCE QUARKS WITH STAGGERED SEA QUARKS
Since calculations at physical quark masses are prohibitively expensive with current algorithms and machines, we have used dynamical quark configurations at the lightest masses available, and where feasible, have used chiral perturbation theory to extrapolate to the physical mass. Staggered sea quarks with the Asqtad improved action were chosen because the computational economy of staggered quarks enabled the MILC collaboration to generate large samples of configurations at low masses on large spatial volumes [25, 26] , which they freely made available to the lattice community.
Chiral symmetry is crucial for avoiding some operator mixing, convenient for operator renormalization, and valuable for chiral extrapolation. Furthermore, the four tastes associated with staggered fermions immensely complicate calculating operator matrix elements in nucleon states. Hence, we chose a hybrid action utilizing chirally symmetric valence domain wall fermions (DWF) on an improved staggered fermion sea. Although this hybrid scheme breaks unitarity at finite lattice spacing, given the arguments that the valence and sea actions separately approach the physical continuum limit [27] , we expect that the hybrid action also approaches the physical continuum limit. Furthermore, partially quenched mixed action chiral perturbation theory calculations are now becoming available for quantitative control of the continuum limit. We also note that hybrid actions have been successfully used in other contexts where, for example, the NRQCD action for valence quarks was combined with improved staggered sea quarks [28] and was successful in predicting mass splitting in heavy quark systems.
In our calculation, we used MILC configurations [29] both from the NERSC archive and provided directly by the collaboration. We then applied HYP-smearing [30] and bisected the lattice in the time direction. We have chosen gauge fields separated by 6 trajectories. Furthermore, we alternate between the first temporal half (time slices 0 to 31) and the second temporal half (time slices 32 to 63) on successive gauge configurations. In these samples we did not find residual autocorrelations. The scale is set by the lattice spacing a = 0.1241 fm determined from heavy quark spectroscopy [31] with an uncertainty of 2%.
Domain-wall fermions [32, 33, 34] introduce an additional fifth dimension, L 5 . They preserve the Ward-Takahashi identity [35] even at finite lattice spacing in the limit L 5 → ∞. At finite values of L 5 a residual explicit breaking of chiral symmetry is still present which can be parameterized by an additional mass term in the Ward-Takahashi identity [36, 37] . In our calculations, we have kept this additional mass, (am) res , at least an order of magnitude smaller than the quark mass, (am) DWF q [19] . To the extent that (am) res is negligible, perturbative renormalization of O [γ5] is independent of γ 5 in the chiral limit and the non-perturbative renormalization of quark bilinear currents yields the same renormalization coefficients for the axial and the vector currents in the chiral limit [38] .
We now consider the parameters entering the DWF action. The domain wall action realizes chiral symmetry by producing right-handed states on one domain wall that decay exponentially away from the wall and exponentially decaying left handed states on the other wall. To the extent that no low eigenmodes associated with dislocations (or rough fields) destroy the exponential decay and that the fifth dimension L 5 is large enough, chiral symmetry will be nearly exact and (am) res will be small. HYP smearing was essential to reduce the effect of low eigenmodes, but it is still necessary to use spectral flow to determine a value of the domain wall mass, M , for which the density of low eigenmodes is as small as possible. This was done on an ensemble of test configurations, with the result that we use M = 1.7. As discussed below, L 5 was then tuned to keep (am) res below 10% of the quark mass and to have negligible effect on our lattice observables. Finally, the quark mass was tuned to produce a pion mass equal to the Goldstone pion mass for the corresponding MILC configurations.
A. Tuning the fifth dimension
The extent of the fifth dimension, L 5 , has been adjusted such that the residual mass, (am) res is at least an order of magnitude smaller than the quark mass itself. This tuning is most relevant at the lightest quark mass since in that case the computational cost is largest and thus our tuning should be optimal. In addition, the breaking of chiral symmetry is also expected to be the largest and the resulting L 5 provides a minimum value needed for our calculations at the higher masses. The residual explicit chiral symmetry breaking characterized by (am) res is obtained from [36] 
where
which holds up to O(a 2 ). We have run simulations using two samples of 25 The resulting residual masses obtained from Eqs. (15) and (16) are plotted in Fig. (3) . In the light quark case, L 5 = 16 just fulfills our requirement, while in the heavy quark case L 5 = 16 more than satisfies it. This confirms our expectation that the value of L 5 chosen at the lightest quark mass sets the lower limit for the other masses as well.
One quantitative check that L 5 = 16 is adequate is provided by the dependence of masses on L 5 as shown in Figs. (4) , (5), (6) and (7) . The leading effect of m res is to shift the quark mass, so that when L 5 is sufficiently large that this is the only effect, m at a general value of L 5 and at L 5 = 16, and indicate that the difference is essentially consistent with zero for L 5 > 16. We expect the shifts in the nucleon mass induced by these small shifts in the pion mass to be negligible, and indeed, Figs. (6) and (7) show that the differences between the nucleon mass at a general value of L 5 and at L 5 = 16 are consistent with zero for L 5 > 16. Hence, we choose L 5 = 16 to be a good compromise between accuracy and performance. 
B. Tuning the quark mass
We define the light quark masses in our hybrid theory by matching the pion mass in two calculations: (i) using two plus one flavors of dynamical Asqtad sea fermions and Asqtad valence fermions [29] and (ii) using the pion mass in our hybrid calculation with Asqtad dynamical sea fermions and valence domain-wall fermions with L 5 = 16. Because of the four tastes and correspondingly sixteen light pseudoscalar mesons in the staggered theory, it is necessary to choose between matching the lightest pseudoscalar mass, corresponding to the Goldstone pion of the theory, or some appropriately defined average. In this work, we have chosen to match the Goldstone pion, and the results of tuning the domain wall quark mass such that the domain wall pion mass agrees within one percent with the Asqtad Goldstone pion mass are shown in Table I . The substantial difference between the bare quark masses for Asqtad and DWF valence quarks reflects the significant difference in renormalization for the two actions. An observable physical difference is the fact that once the DWF quark masses have been adjusted to fit the Asqtad Goldstone pion masses, the DWF nucleon masses are approximately 6% lower than the corresponding Asqtad nucleon masses. We attribute this to the range of pseudoscalar masses in the staggered theory and note that had we used a heavier quark mass so that the DWF pion fit some appropriately weighted average of the staggered pion masses, then the DWF nucleon would have been heavier.
C. Operator renormalization
The quark bilinear operators in Eq. [4] are renormalized using a combination of one-loop perturbation theory and non-perturbative renormalization of the axial vector current.
Our lattice calculations using lattice regularization with cutoff 1/a are related to physical observables at scale µ 2 in the MS renormalization scheme in 1-loop perturbation theory by
where the anomalous dimensions γ ij and the finite constants B ij have been calculated for domain wall fermions with HYP smearing in Refs. [39, 40] . Because the renormalization factors for operators with and without γ 5 are identical at quark mass zero, we use mass independent renormalization with all renormalization constants defined at quark mass zero. The renormalization factors Z O ij for domain wall mass M = 1.7 used in this work are tabulated in Table  II , using the results for the one-loop coupling constant g 2 /(12π 2 ) = 1/53.64 from Refs. [39, 40] . By virtue of the suppression of loop integrals by HYP smearing, the ratio of the one-loop perturbative renormalization factor for a general bilinear operator to the renormalization factor for the axial current is within a few percent of unity, suggesting adequate convergence for this ratio at one-loop level. Since one element in the calculation common to all operators arising from the wave function renormalization in the fifth dimension is not small, it is desirable to determine this one common factor non-perturbatively. This is accomplished using the fact that the renormalization factor, Z A , for the four dimensional axial current operator A µ =qγ µ γ 5 q may be calculated using the five dimensional conserved axial current for domain wall fermions A µ by the relation [36] 
. Hence the complete renormalization factor is written as the exact axial current renormalization factor times the ratio of the perturbative renormalization factor for the desired operator divided by the perturbative renormalization factor for the axial current. That is,
In the continuum, because of Lorentz invariance, the totally symmetric operatorq 
1 , so that they can and do mix. However, the mixing coefficient [39, 40] 
IV. NUMERICAL RESULTS FOR THE GENERALIZED FORM FACTORS
Since two point functions taken at the sink τ = τ snk , C 2pt (τ snk , P ′ ) and C 2pt (τ snk , P ) in the ratio Eq. (13) decay exponentially for the full Euclidean distance τ snk − τ src , they are particularly subject to statistical noise. In the worst case, they may become negative, which we observe for three values of the momentum transfer for the dataset m = 0.01, 20 3 . The corresponding datapoints are excluded from our analysis. Our numerical results for the complete set of unpolarized and polarized n = 1, 2, 3 isovector and isosinglet GFFs as functions of the momentum transfer squared are provided in appendix A. In Figs. (8) and (9) we show results for the vector generalized form factors A 20 , B 20 , C 20 and axial vector GFFs A 20 , B 20 as functions of the momentum transfer squared t. We observe that the absolute values in the isovector and isosinglet channels are in qualitative agreement with the predictions from large N c counting rules, see e.g. [41] , for the unpolarized GFFs
In the polarized case, the inequalities from the counting rules are not satisfied nearly as strongly. Whereas the counting rules predict: rather than dominating it. Finally, our results disagree with the predicted hierarchy between different types of GFFs:
since the lattice results (at non-zero t) clearly give A u+d 20
20 . It would be valuable to understand why these counting rules are only partially satisfied.
For future reference, it is important to note that the GFF C 20 , which gives rise to the ξ-dependence of the n = 2 moment of the GPDs H(x, ξ, t) and E(x, ξ, t), is compatible with zero for u − d, over the full range of momentum transfer squared t ≈ −0.12 . . . − 1.2 GeV 2 . Similarly, the isosinglet GFF B u+d 20 , which is one of the terms in the contribution of the total angular momentum to the nucleon spin, is compatible with zero within errors. We will study both these GFFs in detail in section V.
We now consider the behavior of the slopes of the GFFs A n0 and their relation to the transverse size of the nucleon. Since
, it is evident that the GFFs for increasing n correspond to increasing average momentum fractions x . As the average momentum fraction gets larger, or equivalently as n → ∞, we expect the t-slope of the GFFs A n0 to flatten. This may be understood in terms of the light cone Fock representation [42, 43] by the fact that the final state nucleon wavefunction for a struck quark with momentum fraction x and initial transverse momentum k in ⊥ depends on the transverse momentum
Hence, a large transverse momentum transfer t = −∆ 2 ⊥ can be better absorbed without causing breakup of the bound state by quarks with large momentum fraction x. Additional insight is obtained by considering the impact parameter dependent GPD, H(x, b 2 ⊥ ), which has a probability interpretation and is the Fourier transform [6] with respect to transverse momentum transfer of
where ∆ ⊥ is the transverse momentum transfer. The impact parameter b ⊥ corresponds to the distance of the active quark from the center of momentum of the nucleon. As x → 1, a single quark will carry all the longitudinal momentum of the nucleon and therefore represent its center of momentum, so that the impact parameter distribution in this limit is strongly peaked around the origin,
The corresponding flattening of the GFFs in the momentum transfer t is clearly visible in Fig. (10) , where we compare the slopes of the GFFs A (n=1,2,3)0 which have been normalized to unity at t = 0.
Dipole fits to the GFFs in Fig. (10) , denoted by the solid lines and statistical error bands, enable us to determine the slopes of the form factors and thus express the two-and three-dimensional rms radii r Since the range of values for the momentum transfer t is much smaller for the large volume (L 3 = 28 3 ) dataset, we have restricted the dipole fits for all datasets to the overlapping region of t = 0 . . . − 0.8 GeV 2 . Our results for the 2d rms radii versus the pion mass squared are presented in Figs. (11) and (12) . These results confirm the dramatic dependence of the transverse rms radius on the moment and thus the average momentum fraction as first observed [14] for pion masses 750 MeV and higher, and show that this dependence increases as the pion mass decreases. Indeed, considering the ratio of the n = 3 moment to the n = 1 moment, which both correspond to the same sum or difference of quarks and antiquarks, we observe that for vector GFFs this ratio decreases from approximately 0.58 to 0.22 as the pion mass decreases from 750 MeV to 350 MeV, and for axial vector GFFs, it decreases from roughly 0.71 to 0.43.
In Figs. (13) and (14) we present a first comparison of our results for ratios of generalized form factors A 30 (t)/A 10 (t) and A 30 (t)/ A 10 (t) to the parametrization by Diehl et al. [11] as function of the momentum transfer squared t. As the pion mass decreases, the slope of our results approaches that of the phenomenological parametrization. Our results clearly indicate that a factorized ansatz for the GPDs in x and t, which would lead to constant ratios in Figs. (13) and (14) (15) and (16) show results for the quark spin A q 10 (t = 0)/2 = ∆Σ q /2 and the orbital angular momentum L q = J q − ∆Σ q /2 contributions to the nucleon spin S = 1/2 versus the pion mass squared. Preliminary chiral extrapolations of ∆Σ q based on self-consistently improved one-loop ChPT [44, 45, 46, 47, 48] for ∆Σ u+d and ChPT including the ∆ resonance [49, 50] [52] . The significant difference between the new HERMES results, which are consistent with recent COMPASS results [53] , and the values given in [51] is probably to a large extent due to the simple Regge-parametrization which has been used in [51] to compute the contribution to ∆Σ coming from the low x-region. It is gratifying that the new values are much closer to our lattice results.
These results reveal two remarkable features of the quark contributions to the nucleon spin. The first is that the magnitude of the orbital angular momentum contributions of the up and down quarks, 
V. CHIRAL EXTRAPOLATIONS
Our ultimate goal is to use the combination of full QCD lattice calculations in the chiral regime and chiral perturbation theory to extrapolate to the physical pion mass, to extrapolate to infinite volume, to extrapolate in momentum transfer, and to correct for lattice artifacts, with all the relevant low energy constants being determined solely from lattice data. Significant progress has been made in many aspects of chiral perturbation theory (ChPT) relevant to the nucleon observables addressed in this work [47, 50, 54, 55, 56, 57, 58, 59, 60, 61, 62, 63, 64, 65, 66] . Although important developments have been made in correcting for our hybrid action [61, 67, 68, 69, 70] and finite volume [50, 60] , results for the relevant GFFs are not yet available. In this work we will focus on ChPT treatment of the pion mass and momentum dependence.
The basic problem is that currently, there is not yet unambiguous evidence supporting a particular counting scheme and its convergence criteria, leading to a range of alternative re-summations, and there is similar ambiguity concerning the choice of degrees of freedom, such as when and if it is essential to include the ∆ resonance. When complete results for the observables of interest are available, it will be interesting to compare four approaches: heavy baryon ChPT (HBChPT) [62, 63, 64] , covariant ChPT in the baryon sector (BChPT) [65] , self-consistently improved one-loop ChPT [44, 45, 46, 47, 48] , and ChPT with finite-range regulators [57, 59, 66] . Although self-consistent improvement by utilizing values of parameters like f π and g A calculated on the lattice at the relevant pion mass and finite-range regulators appear to improve the behavior of ChPT at larger values of the pion mass, based on the results available in the literature, we will focus on the two formulations HBChPT and BChPT.
Heavy baryon ChPT, which we will subsequently always refer to as HBChPT, assumes that m π and the magnitude of the spatial three-momentum, p, are much smaller than the nucleon mass in the chiral limit, m (
n generated by the couplings included in the ChPT Lagrangian. Thus, it is a resummation that includes terms that would contribute in higher order to HBChPT and may be thought of as recoil corrections. The HBChPT results of refs. [62, 63, 64] and the CBChPT results of ref. [65] have the desirable property that they use the same regularization scheme, so that truncation of the higher order terms in CBChPT yields the corresponding result in HBChPT, a feature that we will utilize below. One of our primary objectives will be to assess the regimes of applicability of these two alternative formulations. For notational convenience, we will refer to the generic momentum in both theories as p, and order both theories in powers of p n . We would like to note, however, that the counting scheme of the HBChPT-approaches in [62, 63, 64] differs from the one used in the CBChPT-approach of [65] .
The HBChPT [62, 63, 64] and CBChPT [65] results for GFFs, including the dependence on the momentum transfer squared, t, enable us to investigate for the first time possible non-trivial correlations in the m π -and t-dependence of GFFs. It is interesting to note that to order O(p 2 ) in HBChPT, unpolarized and polarized GFFs are independent of each other and depend on separate chiral limit values and counter-terms. In contrast, in CBChPT, the pion-mass dependence of the isovector momentum fraction of quarks x u−d is simultaneously controlled by both the chiral limit values x 0 u−d and x 0 ∆u−∆d , as is also the case for x ∆u−∆d . To O(p 2 ), however, CBChPT does not include insertions from pion operators, and it turns out that the t-dependence for the isosinglet (and isovector) case to this order is therefore essentially linear and decouples from the pion mass dependence. Once CBChPT calculations have been pushed to higher orders, it will be interesting to study the combined non-analytic (t, m π )-dependence of the full set of polarized and unpolarized GFFs based on this approach. For the time being, we will investigate possible non-trivial correlations in m π and t in the framework of covariant CBChPT by including partial O(p 3 )-corrections as discussed below.
The low energy constants used for the chiral extrapolations are summarized in Table III . Ultimately, all these values will be determined simultaneously by a global fit to a full set of lattice calculations of all the relevant observables using the same lattice action, but at present they are chosen as follows. We will use f has been obtained from a CBChPT fit to our nucleon mass lattice data, which provides us with a parametrization for the pion mass dependence of the nucleon mass in our simulation needed for some of the chiral extrapolations below. Depending on the order of ChPT, diagrams with insertions of pion operators contribute for the isosinglet GFFs, which introduces the momentum fraction of quarks in the pion in the chiral limit, x π,0 u+d , as an additional low energy constant. Ultimately, we will calculate this quantity from chiral fits to hybrid lattice results for the pion, but for now we use x π,0 u+d = 0.5 [72, 73, 74] , which is obtained from lattice calculations that are in reasonable agreement with phenomenology [75, 76, 77] . Finally, for the chiral extrapolation of the total quark angular momentum in the framework of HBChPT including the ∆-resonance, we use the nucleon-∆ mass splitting ∆ = 0.3 GeV, which is consistent with lattice calculations and the large-N c relation g
This latter result will soon be superseded by extrapolation of lattice calculations of the N − ∆ transition form factor [78, 79, 80] .
Our chiral extrapolations are organized as follows, and summarized in Table IV . We begin in section V A with a comparison of CBChPT and HBChPT extrapolations of the isovector GFF A u−d 20 (t) and show that whereas CBChPT yields a satisfactory fit over the range of pion masses used in the lattice calculations, HBChPT only produces fits to the lowest few points. Hence, in sections V B through V F, we study the pion mass and t-dependence of the isovector GFFs and C u+d 20 . This is followed in section V G by a discussion of our results for the angular momentum of quarks, based on the CBChPT extrapolations for A 20 (t = 0) and B 20 (t = 0). In the counting scheme of [62, 63, 64] insertions of pion operators occur at O(p 2 ) in HBChPT, leading to a non-analytic combined dependence on m π and t for the GFFs B u+d 20 (t) and C u+d 20 (t) , which we study in sections V H, V I, and V J. Finally, in section V K, we study the pion mass dependence of the total quark angular momentum J q in HBChPT, both including [55] use an extended set of results for |t| < 0.48GeV 2 , m π < 700MeV in most of the fits to improve the statistics.
The O(p 2 ) CBChPT result [65] for the isovector GFF A
where f (19) and (20), where we again obtain a good description of the lattice data.
To study the difference between HBChPT and CBChPT, we took the heavy baryon limit of CBChPT while keeping the same values of the fit parameters, and obtained the dotted line in Fig. (19) . This curve only overlaps the CBChPT curve for m π < m π,phys and drops off sharply for m π > m π,phys , indicating the quantitative importance of the truncated terms when using the coefficients from the CBChPT fit. In addition, it is important to ask the separate question of how well the lattice data can be fit with the HBChPT expression when the coefficients are determined directly by a best fit to the data. The dashed curve in Fig. (17) shows the result of fitting our lattice data for |t| < 0.3GeV 2 and m π < 0.5GeV, and indicates that HBChPT describes the behavior of our lattice data over a significantly smaller range of pion masses than CBChPT.
Because limitations in computational resources presently require us to include lattice data extending to such large pion masses, it would clearly be desirable to carry out a chiral perturbation theory analysis consistently including all terms of O(p 3 ). In the absence of the requisite full ChPT analysis, we have studied uncertainties in the chiral extrapolations by repeating the fit for different maximal values of the included pion masses. 20 , based on fits to the lattice data in the regions m π < 500, 600, 685 and 760 MeV. We find that the extrapolations to the chiral limit fully agree within statistical errors in all four cases. Note that the experimental point shown in Fig. (21) was not included in the fits, but each of the four analyses is consistent with it. This insensitivity to the upper mass cutoff shows that the strong bending towards the physical (24), (25) and (26) . The phenomenological result from CTEQ6 is indicated by the star. The heavy-baryon-limit of the CBChPT fit is shown by the dotted line, and a HBChPT fit to the lattice data for |t| < 0.3GeV 2 and mπ < 0.5GeV is shown by the dashed line. point is not driven by the large pion mass region, where O(p 3 ) corrections would be largest. Furthermore, all four chiral fits are, within statistical errors, in agreement with the lattice data points at large pion masses. This indicates that the present statistical error envelope is comparable to any systematic effects due to higher order corrections.
Another prescription to estimate O(p 3 ) corrections that has been advocated in the literature Ref. [65] is simply adding a single m including this additional term are shown in Fig. (22) , where the error band corresponds to δ The O(p 2 ) CBChPT calculation [65] for the isovector B 20 GFF gives
where m N (m π ) is the pion mass dependent nucleon mass, B The pion mass dependence of the isovector GFF C 20 in CBChPT to O(p 2 ) is very similar to that of the isovector B 20 above and given by [65] terms, and it turns out that h The (total) isosinglet momentum fraction of quarks, A u+d 20 (t = 0) = x u+d is not only an important hadron structure observable on its own but is in addition an essential ingredient for the computation of the total angular momentum contribution of quarks to the nucleon spin, J u+d = 1/2(A and A t,u+d may be obtained from a fit to the lattice data. In this counting scheme, contributions from operator insertions in the pion line proportional to the momentum fraction of quarks in the pion in the chiral limit, provided in [65] in the fit to the lattice data points.
Similar to the isovector case discussed in the previous sections, the low energy constant A
0,u+d 20
is a common parameter in the chiral extrapolation formulae for the isosinglet GFFs A Table III as an input parameter, we performed a simultaneous fit to over 120 lattice data points for these three GFFs, based on Eqs. (27) , (28) and (29) (27) and (28) . We would like to note that the slight upwards bending in Fig. (27) at low m π , and therefore the good agreement with the phenomenological value, is due to the O(p 3 )-contribution ∆A . The error band is the result of a global simultaneous chiral fit using Eqs. (27) , (28) and (29) . The phenomenological value from CTEQ6 is denoted by a star. The heavy-baryon-limit of the CBChPT fit is shown by the dotted line, and a HBChPT fit to the lattice data for |t| < 0.3GeV 2 and mπ < 0.5GeV is shown by the dashed line. ) not yet included in Eq. (28) are numerically important and needed to stabilize the extrapolation. We note that the counting scheme of [65] suggests that ∆B 20 is not a dominant O(p 3 )-contribution concerning the pion mass dependence, at least for t = 0. This can be seen to some extent from the heavy-baryon-limit of Eq. (28) Since the instability of the fit can be traced back to the term ∆B u+d 20 (t, m π ), we performed the final fit dropping this contribution but keeping the counter terms ∝ t and ∝ m 2 π . Based on this approach, we find that a global simultaneous fit to the GFFs A and C u+d 20 , using Eqs. (27) and (29) as described in the previous section, leads to a stable chiral extrapolation of all three GFFs. In particular the counter term parameters δ will lead to a qualitatively different dependence on t and m π in the region where lattice results are available, so that the results above should to be taken with due caution.
In section V H, we will study the combined (t, m π )-dependence of B is presented in Fig. (35) , where the error bars of the lattice data points are illustrated by the stretched cuboids. The lattice data are superimposed with the result from the chiral fit discussed above, which is shown as a surface. The statistical error bars of the fit are shown for clarity only as bands for t = 0 and m π = 0, respectively. In section V J below, we will compare the results based on CBChPT with a fit to C (44), corresponding to 43% of the total nucleon spin S = 1/2. Together with the chiral extrapolations for the isovector u − d combination, we obtain the surprising result that the total quark angular momentum is carried by the up-quarks, J u (m π,phys ) = 0.214 (27) and that the contribution from down quarks is zero J d (m π,phys ) = −0.001 (27) . From Fig. 16 , we note that the cancellation of Σ d /2 and L d appears to be systematic for all m π , and it will be interesting to understand whether this is accidental or has a physical origin. Taking into account preliminary results for the quark spin A (44) at the physical pion mass. The nearly complete cancellation of up and down quark OAM contributions that we observe for pion masses above 350 MeV therefore also holds at at m π,phys , where we find L u+d = 0.005 (52) . We emphasize again that no phenomenological values for ∆Σ = 1 ∆q , x q and x ∆q have been included in the extrapolations, and that we have omitted disconnected diagrams in the lattice calculations. We will compare these CBChPT results with corresponding HBChPT results below in section V J. from a global simultaneous chiral fit using Eqs. (27), (28) and (29) In heavy baryon chiral perturbation theory [62, 64] 
A fit to our lattice results based on Eq. (30) is shown in Figs. (36) , (37), (38) 
with new counter terms M Total momentum and angular momentum conservation implies that the total anomalous gravitomagnetic moment of quarks and gluons in the nucleon has to vanish, q,g B 20 (t = 0) = 0. An interesting question is whether the individual quark and gluon contributions to B 20 are separately zero or very small, as previously speculated [83, 84] .
The first lattice calculations [12, 13] showed that B (t, m π ) depends on the low energy constants c 1 , c 2 and c 3 . We fix these parameters to the values given in Table III . The result of a fit to our lattice data as a function of the pion mass squared for fixed t ≈ −0.24 GeV 2 is shown in Fig. 45 . The t-dependence at a pion mass of ≈ 350 MeV is presented in Fig. (46) . We find C 0,u+d 20 = −0.507 (55) , and C u+d 20 (t = 0, m π,phys ) = −0.421(54) at the physical pion mass. We note that these values are approximately 60% larger in magnitude than the corresponding CBChPT results in section V F based on covariant ChPT, which is directly related to the stronger downwards bending of C u+d 20 for (−t) → 0 in Fig. 45 compared to the slight upwards bending in Fig. (33) . As in the case of the CBChPT extrapolation, a variation of the input value x π,0 u+d by 10% results in a ≈ 5% change of C shown for clarity as bands for t = 0 GeV 2 and m π = 0 MeV, respectively. It is interesting to note that the overall shape of the extrapolation surface is similar to the CBChPT result in section V F. The only behavior that differs by more than the statistical errors is the slightly stronger bending towards negative values of C u+d 20 at the origin in Fig. (47) .
K. HBChPT extrapolation of quark angular momentum J From our results for M 20 above, we find a total quark angular momentum J u+d = 0.263(24) at the physical pion mass, which is larger than but statistically compatible with the CBChPT value in section V G.
As an alternative, we can also calculate J u+d by first extrapolating B 20 (t, m π ) to t = 0 and combining it with A 20 (t = 0, m π ) to obtain J(m π ), and then extrapolating the values of J(m π ) to the physical pion mass using HBChPT from a global chiral fit using Eq. (32) compared to lattice data.
that explicitly includes the ∆ resonance [55] . Evaluating Eq. (31) at t = 0 yields
0,u+d 20
which agrees with [55] . Note that in the notation of [55] the ∆ resonance in the calculation, the ChPT result then reads [55] 
where ∆ = m ∆ − m N denotes the ∆-nucleon mass difference. In order to reduce the number of free parameters in the fit, we use ∆ = 0.3 GeV and the large-N c relation g πN ∆ = 3/(2 3/2 )g A from Table III . We first extrapolate B Fig. (48) , where the error due to the linear extrapolation of B(t, m π ) to t = 0 is indicated by the error band at the m 2 π -axis as explained at the end of section IV and the error bars on the lattice data points for J only include the errors arising from A 20 (t = 0). In Fig. (49) , we compare the result of the chiral extrapolation of M 
VI. SUMMARY AND CONCLUSIONS
This work presents the first comprehensive full lattice QCD study of the lowest three moments of unpolarized and polarized GPDs in the chiral regime with pion masses as low as 350 MeV. We find good overall agreement with existing experimental results. We note, however, that we have omitted disconnected diagrams, which in principle contribute to isoscalar observables.
As in our previous study of the axial vector coupling constant [85] , the consistency of these moments in lattice volumes of (2.5fm) 3 and (3.5fm) 3 at m π = 350 MeV indicates that finite volume effects are negligible within statistical errors.
One significant result of this work is the clear indication that the transverse size of the nucleon, as characterized by the transverse 2d rms radius, is a strongly decreasing function of the momentum fraction x carried by the quarks. At the lightest quark mass, the isovector transverse rms radius drops by almost 60% between the zeroth moment, which roughly corresponds to an average momentum fraction [86] x ≈ 0.2 and the second moment, which roughly corresponds to an average momentum fraction x ≈ 0.4. This decrease in the chiral regime is even stronger than our original observation of the decrease of the transverse size with momentum fraction in the "heavy pion world" [14] .
In a first direct comparison with phenomenological parametrizations of the GPDs H(x, ξ = 0, t) andH(x, ξ = 0, t) constrained by structure function and form factor data [11] , we find qualitative consistency for the ratios of GFFs in both the isovector and isosinglet cases.
Our results provide insight into the contributions of the spin and orbital angular momentum of u and d quarks to the spin of the proton. Although the individual orbital angular momentum contributions of the u and d quarks are sizeable, L d ≈ −L u ≈ 30%, they cancel within errors so that the total contribution is L u+d ≈ 0. In addition, the spin and orbital contributions of the d quark also cancel within errors, so J d ≈ 0. The total quark angular momentum contribution is J u+d ≈ 40 − 50% at our lowest pion masses. More quantitatively, we performed a variety of chiral fits to the unpolarized n = 2 moments using covariant BChPT [65] and HBChPT results [55, 62, 63, 64] . A summary of our results for various observables at the physical pion mass and vanishing momentum transfer t = 0 is given in Table V , where the quoted errors are statistical only. We note that a consistent inclusion of all O(p 3 ) terms in our fits, which may involve additional constants, would have the potential to increase the statistical errors on the physical quantities at the chiral limit. However, for the reasons described in section V A, the prescription of adding a single m With the exception of a fit to J q based on HBChPT including the ∆ resonance, we have consistently extrapolated the GFFs simultaneously in the pion mass and the momentum transfer squared t. The simultaneous covariant BChPT fits to the GFFs A 20 , B 20 and C 20 , which include approximately 120 lattice data points and typically 9 unknown low energy constants, produce reasonable parametrizations of the (t, m π )-dependences of the generalized form factors in the ranges m π ≤ 700MeV and |t| ≤ 0.5 GeV 2 . In particular, the covariant extrapolations for the isovector and isosinglet momentum fractions x yield values at the physical point remarkably close to phenomenology. This represents a significant advance in our understanding of the pion mass dependence of these important observables. The first exploration of the combined non-analytic dependence of the isosinglet GFFs B u+d 20
and C u+d 20 on t and m π was made using covariant BChPT and HBChPT, and visualizations of the resulting (t, m π )-dependences of these GFFs in 3d-plots reveal interesting non-linear correlations in the pion mass and the momentum transfer squared.
In spite of the overall success of the chiral extrapolations, it is clear that the ChPT analysis has not yet been carried to sufficiently high order to be applicable to the full range of pion masses included in this work. The facts that HBChPT fits to A u−d 20 and A u+d 20 cannot describe the behavior of the lattice data over as large a range or as accurately as covariant BChPT, and that the fitted counter terms are so different indicate that the higher order terms in 1/m N included in CBChPT are important for these observables. Similarly, the fact that it was important to include some particular terms of order O(p 3 ) and O(p 4 ) in some CBChPT fits indicates the need to fully determine these orders in ChPT so that they can be consistently included in fits to lattice data. Finally, the significant effect of including the ∆ in J u+d , its known importance in the axial charge, and large N c arguments [87] indicate the desirability of consistent inclusion of the ∆. Thus, future progress requires both the extension of lattice calculations to lower pion mass and the inclusion of higher order terms and ∆ degrees of freedom in ChPT.
APPENDIX A: TABLES
Lattice parameters of the datasets 1, . . . , 6 are provided in Table I . The GFFs are given in the MS scheme at a scale of µ 2 = 4 GeV 2 .
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